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Abstract 

Noncommutative Chern-Simons theory can be classically mapped to commutative 
Chern-Simons theory by the Seiberg-Witten map. We provide evidence that the equiv- 
alence persists at the quantum level by computing two and three-point functions of 
field strengths on the commutative side and their Seiberg-Witten transforms on the 
noncommutative side to the first nontrivial order in perturbation theory. 
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1 Introduction 

The Seiberg-Witten limit p] is an interesting limit of open string theory with a constant 
NS-NS B field, in which open string dynamics reduces to a gauge theory defined on a 
noncommutative space. The theory in the limit can also be described in terms of fields 
defined on a commutative space. It was shown in p] that these two descriptions are 
related to each other by a field redefinition called the Seiberg-Witten map. When the 
gauge group is U(l), the Seiberg-Witten map has been obtained explicitly in 013111 by 
studying the coupling of D-branes to the Ramond-Ramond potentials and by evaluating 
it in the Seiberg-Witten limit. It was shown that the field strength on the commutative 
space is expressed in terms of the open Wilson line jSJ Ej with appropriate insertions 
of operators on the noncommutative space. 

Although the two descriptions are equivalent, fields on a noncommutative space 
are often more convenient in studying theories in the Seiberg-Witten limit. Actions 
expressed in terms of fields on a commutative space typically become nonpolynomial in 
the limit jT] and their closed forms are not known in general, though some constraints 
on possible terms in such actions have been studied in cases when they are realized 
as limits of string theory El QDj- The lack of our understanding of actions on 
commutative spaces has prevented us from studying whether the equivalence implied 
by the Seiberg-Witten map holds at the quantum level. 

One interesting case in which gauge theory actions are known in both descriptions 
is Chern-Simons theory in three dimensions. Its action in the noncommutative space 
is given by 



and tr is over the gauge group indices. It was shown flj that this action, when 
expressed in terms of gauge field a M (x) on a commutative space via the Seiberg-Witten 
map, becomes the standard Chern-Simons action. The proof of this statement is based 
on the differential equation characterizing the Seiberg-Witten map and holds for any 
U(N) gauge group. 

This is an interesting case for various reasons. First of all, since the actions are 
known in both descriptions and they both appear renormalizable, we can discuss the 
question of whether the equivalence of the two descriptions at the classical level can be 
extended to the quantum level. In this regard, there is an interesting puzzle. When the 




(1.1) 



where the product is the standard star-product: 




(1.2) 



1 



gauge group is U(l), the Cher n- Simons theory on the commutative space is trivial while 
its noncommutative counterpart has a cubic interaction. The latter theory seems to 
depend nontrivially on the coupling constant g, while the corresponding parameter for 
the former can be rescaled away. This casts some doubt on the quantum equivalence of 
the two. One of the motivations of this paper is to understand whether the equivalence 
in fact breaks down at the quantum level. We will compute correlation functions of open 
Wilson lines on the noncommutative space to the first nontrivial order in perturbation 
theory 4 and find that the equivalence persists at the quantum level. 

The U(l) Chern-Simons theory on the noncommutative space is expected to describe 
aspects of fractional quantum Hall fluid [TH 1 HH | ITTj. and correlation functions of the 
open Wilson lines we will discuss in this paper play important roles in this context. 
Moreover it is known that such a theory is realized in a certain configuration of D- 
branes in string theory ^HIGH]- We hope that the results in this paper shed some light 
on these issues. 

When the gauge group is U(N), an explicit form of the Seiberg-Witten map has not 
been derived in the sense of the works [21 EH El However, the map between a certain 
subset of observables on commutative and noncommutative sides can be extended to 
the U(N) case. The generalization of our computations is straightforward, and we find 
that the equivalence holds for the U(N) case as well. 

The organization of the paper is as follows. In Section 2 we review the derivation of 
an exact expression for the Seiberg-Witten map and introduce a regularization for the 
composite operators appearing in the expression. We then calculate two and three- 
point functions of field strengths on the commutative side and their Seiberg-Witten 
transforms on the noncommutative side in perturbation theory in Section 3. We present 
our conclusions in Section 4, wherein we also discuss our generalization to the U(N) 
case. Our conventions and Feynman rules are summarized in Appendix A, and some 
details of the computations in Section 3 are given in Appendix B. 

2 Seiberg-Witten map and its regularization 

2.1 Exact expression for the Seiberg-Witten map 

An exact expression for the Seiberg-Witten map in arbitrary dimensions was derived 
by studying the Ramond-Ramond couplings of noncommutative gauge theory (21 E] 5 
It takes a simple form in three dimensions. If we choose a coordinate system such that 

4 Perturbative aspects of noncommutative Chern-Simons theory have been studied in [181 114] . 
5 Thc Seiberg-Witten map from noncommuting to commuting variables is related to the Lagrange 
to Euler map in fluid mechanics [201 115) . 
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only 9 and 9 are nonvanishing, the Seiberg-Witten map is given by 



f 12(h) 



go 



12 



W(k) - (2nf5 {3) (k) 



foi(k) = O 0i (k) for i = l,2, 



(2.1; 



where fnu(k) is the field strength on the commutative side in momentum space, W(k) 
is an open Wilson line 



W{k) = / d 3 x P* exp 



ig / da l^A^x + la) 



* e 



ikx 



with 



and O lJiU (k) is defined by 

0^ u (k)= J d 3 x P*exp ^ daFA^(x + la) 



* P Mi ,(x) * e 



t/.,t 



with 



P^ = <9 M A, - dvAp - igA^ * A u + igA u * A^ 
Our convention for the path-ordered exponential is as follows: 

P* exp ig [ da l^AJx + la) 
l Jo 

= 1 + ig / da\ I ■ A(x + lai) 
Jo 

+ (ig) 2 [ da! [ 1 da 2 I ■ A(x + la x ) * I ■ A(x + la 2 ) + 0(g 3 



(2.2) 
(2.3) 

(2.4) 
(2.5) 



(2.6) 



The Seiberg-Witten map can also be written in the covariant form f IJLV (k) = 0^ u (k) for 
/i, v = 0,1,2, as originally conjectured in [21]. However, the expression (|2.1j) is more 
convenient for our perturbative computations. 

In |2j an expression of fn U (k; A^, 9) for arbitrary dimensions was constructed which 
(a) is gauge invariant, 



fiiu{k\ A^ + d^X - igAp * A + igX * A^, 9) = f^(k; A M , 9), 

(b) obeys the Bianchi identity for the ordinary gauge theory: 

k(j,fpv(k) + k p f U)1 (k) + k u f pp (k) = 0, 

(c) and satisfies the initial condition, 

hmf^{k;A lii 6)= I d 3 x [d,A u (x) - d u A,(x)]e lkx . 

— >0 J 



(2.7) 



(2.8) 



(2.9) 



A proof for arbitrary dimensions was given in [2], but it is much easier to see that 
fnv{k) in three dimensions defined by (j2.1j) satisfies these three conditions. The gauge 
invariance is guaranteed by the relation ()2.3|) jS], and the initial condition is easily 
verified. It is instructive to verify that the Seiberg-Witten map ()2.1|) satisfies the 
Bianchi identity kofn(k) + k\f2o(k) + ^2/01 {k) = 0. Since ko8^ 3 '(k) = 0, what we need 
to show is k W(k) + g(k9)^O 0fJj (k) = 0. This can be shown as follows: 



k W(k) = -i / d 3 x P*exp 



* d n (e ikx ) 



ig da I ■ A(x + la) 
Jo 

g J d 3 x P* exp ig J da I ■ A(x + la) J da' Fd^A^x + la') 
g J d 3 x P* exp ig J da I ■ A(x + la) 



* e 



l k X 



da' F{F 0fl (x + la') + D^A Q (x + la')} 



* e 



ikx 



—g I d 3 x P* exp 

- g (kero ,(k), 



ig da I ■ A(x + la) 



l»F Jx)*e 



ikx 



(2.10) 



where D^Aq = d^Ao — igA^ * A + igA * A^. We integrated by parts in the first step, 
and then used the following identities: 



* e lkx = 0, (2.11) 



which was shown in the appendix of j22] for the conservation of the energy-momentum 
tensor derived in the paper, and 



f d 3 x P, 


exp 


ig f 






. Jo 



d 3 x P* 



ig da I ■ A(x + la 
Jo 

J d 3 x P* exp ig J da I ■ A(x + la) 



0(x + la' 
* O(x) * e ikx 



* e 



ikx 



(2.12) 



for < a' < 1, which is one of the basic properties of a straight open Wilson line [7j. 

It is well-known that the Seiberg-Witten map is not unique. However, the ambi- 
guity pointed out in is absent when the dimension of noncommutative directions 
is two, and the definition of the noncommutative gauge field is essentially unique in 
the Seiberg-Witten limit. The definition of the commutative gauge field may in gen- 
eral admit some ambiguity even in the Seiberg-Witten limit, but we assume that the 
expression ()2.1|) provides the map between noncommutative Chern-Simons theory and 
commutative Chern-Simons theory. 
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2.2 Regularization 

When we compute correlation functions of W(k) and O^k), we need to regularize 
these composite operators. A pure open Wilson line W{k) is expanded in g as follows: 

W{k) = J d 3 x e ikx + igj d 3 x J da I ■ A(x + la) * e ikx 

+ (igf [ d 3 x f da! f 1 da 2 I ■ A(x + la x ) * I ■ A(x + la 2 ) * e ikx + 0{g 3 ) 
J Jo Jo 

= (27i) 3 5 {3) {k) +ig I ■ A{k) 

+ -^2 / d 3 x f 1 da I- A(x + la)*l- A(x) * e ikx + 0(g 3 ). (2.13) 
2 J Jo 

The expression of W{k) up to this order is sufficient for our perturbative computations 
in the next section. We regularize the composite operator at 0(g 2 ) as follows: 



(ig) 



2 , ,1-e 



Jd 3 xJ^ e da I ■ A(x + la) * I ■ A(x) * e ikx . (2.14) 



Note that in addition to the expected singularity arising when a — > 0, a singularity 
also arises when a — > 1 since 

d 3 x l-A{x + la)*l- A(x) * e ikx = J d 3 x I ■ A{x) * e ikx * I ■ A(x + la) 

d 3 x I ■ A{x) *l-A{x + la-l)* e ikx , (2.15) 

where we have used the basic identities 

d 3 x f(x) * g(x) = J d 3 x g(x) * f(x), (2.16) 

for any functions f(x) and g(x) which decay at infinity, and 

e ikx *f(x + l) = f(x)*e ikx , (2.17) 

for any C°° function f(x). This regularization is natural for the following reason. In 
[2*2*] it was shown how a straight open Wilson line arises from the computation of 
disk amplitudes in string theory. The integral over a comes from the integral over a 
position of an open string vertex operator along the boundary. Since point-splitting 
regularization on the world-sheet boundary produces noncommutative gauge theory in 
space-time [Tj, it is natural to use point-splitting regularization for the integral over a 
as well. 

The operator 0^ u (k) (J2.4j) can also be expanded in g as follows: 



<V(*0 = j d ^ [d,A u (x)-d v A^x)]*e lkx 



ig / d 3 x [A^x] * A u (x) — A u (x) * A^x)] * e 



ikx 



+ig I d 3 xj da I- A(x + la) * [d^A v (x) - d v A^x)} * e tkx + 0(g 2 ). 

(2.18) 

The integral over a in the last line can be regularized by taking the integration range 
from e to 1 — e as before. The commutator term in the second line is regularized as 

- ig J d 3 x [A^x + It) * A v {x) - A v {x + It) * A„(x)\ * e ikx . (2.19) 

Note that only the difference in two arguments matters. For example, 

d 3 x A^x) * A v [x - It) * e ikx = J d 3 x' A„(x' + It) * A v {x') * e ikx> (2.20) 

with x' = x — It because of the fact that I ■ k = k^ u k v = 0. 

This regularization for the commutator term is natural for the following reason. As is 
well-known, the commutator terms in the field strength arise from surface terms of the 
path-ordered integrals over positions of open string vertex operators Therefore, 
if we use point-splitting regularization for the integral over a, commutator terms should 
also be regularized correspondingly. The relation between the commutator term and 
the surface term in ()2.18|) at 0(g) can be seen, for example, by looking at the Bianchi 
identity k W(k) + gl^Oo^k) = 0. Since W{k) does not depend on A (x), the part 
of l^O ^o(k) which depends on A (x) must cancel by itself. This can be seen for the 
regularized O^k) at order g as follows: 



ig J d 3 x J da I - A(x + la) * d^A^x) * e ikx 



l-e 



ig / d x / da I ■ 8A (x) * I ■ A(x + la — I) * e 



ikx 



l-e 



ig / d x / da I ■ dA (x + I — la) * I ■ A(x) * e 



ikx 



l-e 







i k x 



—ig J d x J da — A (x + I — la) * I ■ A(x) * e 
-ig J d 3 x {A (x + It) - A (x + I - It)} * I ■ A(x) * e ikx 
-ig I d 3 x {A {x + lt)*l- A{x) - I ■ A{x) * A {x -It)}* e ikx 



V 



ig I d 3 x {A (x + It) * A^(x) — A^x + It) * A (x)} * e 



ikx 



(2.21) 



where we have used the identities (|2.16J) and ()2.17|) . and the change of variables x' = 
x + la — I. It is not difficult to see that the remaining part of the Bianchi identity 
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which is independent of A (x) also holds for a finite e up to the current order in g. We 
therefore conclude that our regularization for the commutator (j2.19j) is in accord with 
point-splitting regularization of the integral over a. 

To summarize, we use the following regularized operators in terms of the gauge field 
in momentum space to compute correlation functions: 

W{k) = (2nf5 {z \k)+ig l-A(k) 

+ I ^ da I^f e' ik ^ + ^ I ■ A(p) I • A{k—p) + 0(g 3 ), 
O^(k) = -ik^A u (k) + iKA^k) 

~ i9 1 e- tkXpe+L2kXp \A,{p)A v {k-p) - A„(p)A,(k-p)) 

+ig da [ e - ikxp(7+ ^ xp 

x I ■ A(p) [-i(k - p) lx A u (k -p) + i(k - p) v A„{k - p)\ 
+ 0(g 2 ), (2.22) 

where we have introduced the notation k x p = k fl 8 fJ,u p u . 

3 Computations of correlation functions 

3.1 Correlation functions on the commutative side 

Correlation functions of field strengths can be easily calculated on the commutative 
side, where the action is given by 

Scs=l I d * x ^ pv ^d P a v . (3.1) 



2 

Since the field strength f pu can be expressed as 



fnv( x ) — ^fiup x i r ; (3-2) 



Sa p (x) 



correlation functions can be easily evaluated by using the Schwinger-Dyson equations. 
Correlation functions containing only f\ 2 vanish because 



{fi2{x 1 )f l2 {x 2 ) . . . f 12 (x n )) = JVa f vt (x 1 )f 12 (x 2 ) . . . f 12 (x n ) e iScs 
= -ijvaf l2 (x 2 )...f 12 M^ {xi y 



i / Va 



s 



5a (xx) 



h2{x 2 )...f l2 {x n ) e lScs =0. (3.3) 



Figure 1: Vanishing contractions. 

The two-point function of f± 2 and is nonvanishing and is given by 
(fi2(x)foi(y)) = Jva fu(x)Uy) e lScs 

= -ifva Uy) =ilva ^M e ^ = i^\x - y) (3.4) 

j dao{x) J dao(x) ox 1 

for i = 1, 2. In momentum space, it is given by 

(A 2 (A;)/o J (A:')) = (27r) 3 M (3) (A; + A;') for f = 1, 2. (3.5) 

We will calculate the corresponding gauge-invariant observables on the noncommuta- 
tive side to see if these results are reproduced. 

3.2 (W{k)W(k')) 

One-point functions of W(k) or 0^ u {k) are rather trivial because the length of an 
open Wilson line is proportional to the momentum k, while momentum conservation 
enforces k = 0. We cannot completely exclude possible subtleties arising from possible 
short- distance singularities, but in this paper we would rather study two-point and 
three-point functions which are more interesting. 

Let us begin with the two-point function {W(k)W(k')). Since k' = —k from mo- 
mentum conservation, all of the gauge fields in each of two open Wilson lines are 
contracted with the same vector (kO) 11 up to a sign. If we choose a coordinate system 
such that k 2 = by a rotation in the (x 1 , x 2 )-plane, only A 2 appears in the open 
Wilson lines since the only nonvanishing component of (kO)^ is fi = 2. Therefore, the 
two-point function (W (k)W (k 1 )) consists of correlation functions involving only A 2 , 
(A 2 ( Pl )A 2 (p 2 )...A 2 ( Pn )). 

In noncommutative Chern-Simons theory, the propagator (A 2 (p)A 2 (q)) vanishes in 
the Landau gauge. 6 Therefore, we cannot contract any pair of gauge fields coming 
from the two Wilson lines directly. Contractions such as the ones shown in Figure 1 
are prohibited. This rule also applies to {WifyO^ik')) which we will discuss in the next 
subsection. From this it immediately follows that 0(g 2 ) contribution to (W(k)W(k')) 
vanishes: 

(W(k)W(k')) = (2irf5 {3 \k)5 {3 \k') + 0(g 4 ). (3.6) 
6 Feynman rules are summarized in Appendix A. 
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Figure 2: Vanishing interaction graph. 




Figure 3: One- loop propagator correction insertions. The dotted line denotes the ghost 
propagator. 

Furthermore, even if the cubic vertices are used, we end up with at least one contrac- 
tion of (A 2 (p)A 2 (q)) unless there is at least one internal loop. Let us take the diagram 
shown in Figure 2 as an example. The cubic vertex of noncommutative Chern-Simons 
theory consists of a product of Aq, A\, and A2. Therefore, one of the three contractions 
in Figure 2 must be (A 2 A 2 ). 

Now consider diagrams with internal loops. To lowest nontrivial order, 0(g 4 ), this 
corresponds to the diagrams in Figure 3. 7 These involve the one-loop corrections to 
the gauge field propagator. The calculation of these corrections is similar to those in 
commutative non-Abelian Chern-Simons theory ^3]. Both diagrams generate the same 
noncommutative phase structure, and both can be broken respectively into planar and 
nonplanar parts in the standard way [2U 123 • The nonplanar pieces are regulated by 
the noncommutative phases [2E1EJI2S], 8 after which the contributions from the ghost 
loop and gauge loop rigorously cancel. On the other hand, the planar pieces of these 
diagrams, which are identical to their commutative counterparts (up to the same overall 
factor), require careful regularization, and the study of which ultimately yields the 
famous one- loop shift to the Chern-Simons coupling [23 123 I2H] • However, the one-loop 
corrections to the Chern-Simons propagator itself change neither its tensor structure, 
nor its momentum dependence. Thus the arguments of the previous paragraph apply: 
the one-loop corrections to (A 2 (p)A 2 (q)) still vanish, and so we conclude that 0(g 4 ) 
contribution to (W(k)W(k')) also vanishes: 

(W(k)W(k')) = (27r) 6 5 {3) (k)5 {3) (k') + 0(g 6 ). (3.7) 

This is consistent with the equivalence between noncommutative Chern-Simons theory 

7 The second diagram involves the ghost loop arising from the usual gauge fixing of the theory, 
which we have not presented, and which we do not require in the sequel. 
8 See also the paragraph containing l|3.15[) in the next subsection. 
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Figure 4: Lowest-order contribution to (W (k)0 ^{k')) . The cross on the right open 
Wilson line denotes the field strength insertion. 




Figure 5: Diagrams 1 and 2. Canceling 0(g 3 ) corrections to (W {k)0 ^{k')) involving 
two gauge field sources on the pure open Wilson line. 

and commutative Chern-Simons theory. 

3.3 {W{k)0^{k')) 

The lowest-order term in (W {k)0 ^{k')) reproduces the result from the commutative 
side f!3.5|) by construction and corresponds to the diagram in Figure 4. Let us verify 
this explicitly. 

(W(k)0, u (k')) = ig{key{-ik ! ll ){A p {k)A u {k'))-^^v) + 0{g i ) 

= -g{2irf6®(k + k'^keyk ^™ ~ ^ W + 0(g 3 ). (3.8) 

Since the term proportional to 8^(k) in (|2.1|) is not relevant to the current calculation, 
the result ()3.5j) should be reproduced by (W(k)Ooi(k')) divided by —gO 12 . In fact, 

-^(W(k)O 0l (k')) = (2n) 3 k^ 3 \k + k') + O(g 2 ) for z = l,2. (3.9) 

Therefore, the question is whether higher-order terms modify this result or not. We 
will calculate (W(k)0^(k')) at 0(g 3 ). 

Feynman diagrams at 0(g 3 ) fall into two categories. The first one contains diagrams 
which do not have an internal loop. There are five diagrams in this category, shown in 
Figures 5 and 6. The second one contains diagrams involving the one-loop correction 
to the propagator, which are displayed in Figure 7. 

Calculations of the five diagrams in the first category are given in Appendix B. Here 
we only present the final results. 
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Figure 6: Diagrams 3, 4 and 5. Canceling 0(g 3 ) corrections to (W (k)0 ^(/c')) involving 
one gauge field source on the pure open Wilson line. 



Diagram 1 



{W(k)0^(k')) 



Diagram 1 



-(ig) 3 S (3 \k + k') / da / d 3 p 



l-e 



-ikxpa 



X 



p 2 (k — p) 2 
k x p)(k fl l u - k u l^) - l 2 (kfj,p u - Kpfj,)} 



Diagram 2 



= (zt7) 3 5 (3) (A: + A:') 

Jo 



da J d 3 p 



-ikxpa 



p 2 (k — p) 2 

x {(k x p)(fc M Z„ - k v l^) - FikyVv - fc„p M )} . 



Diagram 3 



(W(fc)CUfc')} 



Diagram 3 



l-e 



2(^) 3 5 (3) (A; + fc') y do- y d 3 pe 
-i(ig) 3 5 (3 \k + A;') / d 3 p 



3^ jkxpa ^(kftPv k v p^) 
k 2 p 2 

gifcxp(l— e) gifcxpc 



k 2 p 2 (k + p) 2 

(k 2 + k- p) {k^ly - kjp) - (k 2 + 2k-p) (p^l v - pj^) 
+2(k x p)(p^K -p v k^ . 



Diagram 4 



(W(k)O^k')) 



Diagram 4 



-2{ig) 3 5 {3 \k + k' 
-2i{ig) 3 5 {3 \k + k') I d 3 p [e^ 1 - 2 ^ 



1 ^da [ d 3 p e lkxp ° 



k 2 p 2 
, t / _ t / 

Jkxpe \ ^ M 

J ^2^2 



(3.10) 



(3.11) 



(3.12) 



(3.13) 
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Diagram 5 



= i(ig) 3 5 {3 \k + k') f d 3 p 



gifcxp(l— e) gi/cxpe 



X 



k 2 p 2 (k + p) 2 

-2(k x p)(k^p u - kvPfj) - (2p 2 + k ■ p)(l^k u - l u k^) 
+(k 2 + 2k-p)(l ll p v -l vPll ) 



(3.14) 



Let us first consider whether or not each of the five contributions is finite. All of the 
integrals over the momentum p take the following form: 

Jd 3 pf(p , Pl ,p 2 )e^, (3.15) 

where /(po, Pi, P2) is a meromorphic function of po, pi, and p 2 . If the ^-dependent phase 
factor is absent, the integral can be divergent. However, as is well-known |2l| I25j . the 
phase factor makes the integral convergent. Let us illustrate this point in the simple 
example where f(po,Pi,P2) = 1/[(2vt) 3 (j9q + p\ +p|)]- We can choose a coordinate 
system such that k 2 = 0. The integral becomes 

pI + pI+pI' (3 ' 16) 

The integral over p 2 can be carried out by evaluating the residue of the pole at either 



P2 = iyPo + Pi or p 2 = —iyPo +pf depending on the sign of k\Q X2 a. The remaining 
integrals over po and p\ are easily performed to give 



°° dp [°° d Pl e -\kie 12 °\Vp$+pl 1 

(3.17) 



00 



2tt 



2vr 2\/po + Pi ^\h6 12 a\ 



This is nothing but the calculation of Green's function in three dimensions if we re- 
place (k8) fJ- a by x^. Note that the integral over p 2 provided a damping factor which 
exponentially suppresses the integrand for large p and thus makes the integrals over 
Po and pi converge. This mechanism works in general as long as the phase factor is 
nonvanishing. 

Therefore, the integrals over p in the five diagrams converge as long as a is nonzero. 
Only the integral in Diagram 2 is potentially dangerous, but we can show that it is 
convergent as well. What we need to show is the following: 

lim da J d 3 p p2 ^ k _ p y \( k x ~ ~ l 2 (KPv - Kp^jj = 0. (3.18) 
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For the first term, only the surface terms of the integral over a contribute: 

g— ikxpe j 



iik^lv k u l^) J d 



P 



p 2 (k — p) 2 



(3.19) 



Now the term coming from a = is also finite by power counting so that we can safely 
take the limit e — > 0. The calculation of the second term reduces to 

-iki9 12 p2a 



d 6 p 



(3.20) 



;§ -p)\\ +p) 2 

where we have changed variables as p' = k/2 — p and chosen a coordinate system 
such that k 2 = as usual. When p^ — p 2 , the calculation reduces to the case of the 
first term in ([3.18)1 . When p^ = p or p^ = pi, the integral vanishes for a nonzero a 
because the integrand after the integral over p 2 is odd in (po,Pi) — ► (— Po, ~Pi)- Thus 
we have shown ()3.18j) and confirmed that each of the contributions coming from the 
five diagrams is finite. 

The contributions from Diagram 1 and Diagram 2 almost cancel. The sum of the 
two can be written as follows: 

<]tl /f p 2 (k-p) 2 P ^ k ^ lv ~ kvl ^ ~ l2 ( k vP» ~ k »Pv)} 



(igf5^\k + k r ) 



o 



l-e 



-ikxpa 



I — 2e J ^ p 2 (k — p) 2 



[ikx p)(k ll l u - kj^) - l 2 {k^p v - Kp^)} 



. (3.21) 



As we have seen, the first term vanishes in the limit e — > 0. The second term is less 
dangerous and also vanishes in the limit. We thus conclude that the contributions from 
Diagram 1 and Diagram 2 cancel. 

Now consider the remaining three diagrams. The contributions from Diagram 3 and 
Diagram 4 contain integrals over a. The two integrals almost cancel and the difference 
vanishes in the limit e — > as before. The remaining terms which do not contain an 
integral over a share a similar structure. The term in Diagram 4 is different in that 
it contains e lkx p( 1 - 2e ) . However, we can replace it by e lkx p( 1 ~ e ) since the difference 
vanishes in the limit e — >• 0: 



lim / d 3 p \ e 



ikxp(l— 2e) 



3 ifcxp(l-e)l h ply kyl^ 



0. 



(3.22) 



Now the sum of the terms from the three diagrams can be written as follows: 



-i{ig) 3 6 (3 \k + k') / d 3 p 



gifcxp(l— e) gifcxpe 



k 2 p 2 [k + p) 2 



{k 2 + 2k-p)(k fl l u -kj tl ) 



-i{ig) 3 5 i3 \k + k') / d 3 p 



gifcxp(l— e) gifcxpe 



p- 



(k + py 



{kplv kjylfj) — 0, 

(3.23) 
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Figure 7: 0(g 3 ) contributions to (W (k)0 '^{k')) containing propagator corrections. 

where we have changed variables as p' = p + k for the term involving l/(k + p) 2 in the 
last line. To summarize, we have seen that in the limit e — * the contributions from 
Diagram 1 and Diagram 2 cancel, and those from Diagram 3, 4, and 5 cancel among 
themselves. 

The second category of diagrams at 0(g 3 ), displayed in Figure 7, contain the one- 
loop correction to the propagator. As we have discussed in the previous subsection, the 
nonplanar contributions from these diagrams are finite and cancel between the gauge- 
field and ghost diagrams, and the planar contributions only renormalize the overall 
coefficient of the tree-level result: 

--^(W(k)O 0l (k')) = [l + O(g 2 )}(2n)%S^\k + k')+O(g 4 ) for 2 = 1,2. (3.24) 

Does this violate the equivalence between noncommutative and commutative Chern- 
Simons theories? 

The disagreement is coming from different wave-function renormalizations between 
the commutative and noncommutative theories. The commutative U(l) Chern-Simons 
theory is free and its propagator (a^{p)a u (q)) does not receive any wave-function renor- 
malization. On the other hand, the tree-level propagator (A /1 (p)A I/ (q)) in the noncom- 
mutative theory can be renormalized by quantum effects depending on a regularization 
scheme, and this is precisely the origin of the one-loop correction to (W (k)0 ^{k')) . 
However, since the correction changes neither the tensor structure nor the momentum 
dependence and only modifies the overall coefficient, its effect can be absorbed in renor- 
malizations of the composite operators W(k) and O^k). Therefore, the equivalence 
between the commutative and noncommutative theories still holds if we modify the 
Seiberg-Witten map at the classical level ()2.1|) to 

Uk) = -^ r2 [w{k)-{2-nf^\k) 
f oi (k) = ZO 0l (k) for i = 1,2, (3.25) 

such that the renormalization factor Z compensates for the correction to the two-point 
function (W(k)0^ u (k')). Note that the two renormalization factors in (|3.25J) must be 
the same in order for the Bianchi identity to hold. 



14 




Figure 8: 0(g 4 ) contributions to (W (h)W (k 2 )W (k 3 )) . 



It is not too surprising that we found a scheme- dependent quantum correction to 
the Seiberg-Witten map because the Seiberg-Witten map is a special kind of field re- 
definition between the commutative variable a M and the noncommutative variable A^, 
and these fields in general suffer from scheme-dependent wave-function renormaliza- 
tions. Our expression for the Seiberg-Witten map was designed to satisfy the initial 
condition ()2.9|) classically, but a quantum correction is necessary if the wave-function 
renormalization is singular in the limit 9 —>■ as it is in the case of noncommutative 
Chern-Simons theory. 



3.4 {W(k 1 )W(k 2 )W(h)) 

Let us calculate the three-point function of pure open Wilson lines. This should vanish 
except for the trivial lowest-order term in order for the correspondence between the 
commutative and noncommutative sides to hold. 

The first nontrivial contribution starts at 0(g 4 ). Let us expand {W {k\)W {k 2 )W {k 3 )) 
up to 0(g 4 ): 

{W{k 1 )W{k 2 )W{h)) 

= (27r)V 3) (fci)5 (3) (fc 2 )5 (3) (fc3) 

+ {igf(h-A(k 1 ) l 2 -A(k 2 ) h-A(k 3 )) 



2 Je J (2tt) 3 
x y^^+^v ( h . A (h) h ■ A(k 2 ) l 3 ■ A(p) l 3 ■ A(k 3 - p)) 
+(0i, k 2 , h) -> (k 2 , k 3 , h)) + ((h, k 2 , k 3 ) (k 3 , h, k 2 )) 
+ 0(g 5 ), (3.26) 

where Zf = (kiO)" = {h) u 9 v ^ for i = 1,2,3. The term at 0{g 3 ) contracted with 
the vertex (jA.4|) and the terms at 0(g 4 ) contracted with two propagators of (jA.3|) 
contribute at 0(g 4 ). These correspond to the diagrams in Figure 8. 
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Let us begin with the latter. There are two nonvanishing contractions for each of 
the three terms at 0(g A ). The two contractions are combined to give the following 
expression: 

(ig) 4 f 1 -* ^_ f d 3 p e _ ik . iXpa+ ^ k3Xp 



L" d "S 



(2tt) 3 

x (h ■ A(ki) l 2 ■ A(k 2 ) h ■ A(p) l 3 ■ A(k 3 - p)) 



(ig)\27r) 3 5 (3) (k 1 + k 2 + k 3 ) J ' da cos 

UPl L.P2 



k\ x k 2 [ a 



V /Ml 7^2/1/1/^2, , _J 2_ C\ 07\ 

At l l 2 l 3 l 3 t p\pW\ t P2p2V2 7,2 7,2 • \°-^' ) 



Since the vectors /f have vanishing O-components, the indices fj,i, v\, p 2 , and v 2 cannot 
be zero. Therefore, the indices p\ and p 2 must be zero in order for the expression to 
be nonvanishing. If we decompose the vectors fcj as 

h = fa, K) (3.28) 

for i = 1, 2, 3 where Ui = (ki)° and {kiY = {kiY for fx — 1,2, we have 



L.P1 I.P2 

]PirP2ji/iju 2f: 1 a 2 

t! t 2 l 3 l 3 t MPi^i e M2P2^2 7,2 7,2 

ft l ft 2 

(^ 12 )V^ 2 (A;i x k 3 )(k 2 x fc 3 ) (0 12 )Vw 2 (fci x k 2 f 



1,21,1 1,21,2 



(3.29) 



where we have used 

Ife^J- = -0 12 (ki x kj), (3.30) 

and fci x k 2 = k 2 x A; 3 = k 3 x £4 by momentum conservation. The integral over cr is 
straightforward and we do not have any singularity when we take e — > 0. The result is 
thus given by 



- afeOW*^*. + h + h) sin ('^) < fl ">'^ff<*' X H (3.31) 



We also need to add the two terms coming from the permutations (k\,k 2 ,k 3 ) — > 
(k 2 ,k 3 ,ki) and (ki,k 2 ,k 3 ) — > (k 3 ,ki,k 2 ). Since k\k\k\ is invariant under the permu- 
tations and k\ x k 2 = k 2 x k 3 = k 3 x k\, the only nontrivial part is k 3 cuiui 2 . We can 

— * 

eliminate w 3 and A; 3 using momentum conservation to find 



k\ijJ\UJ 2 + k\uJ 2 UJ 3 + k\(jJ 3 LO\ 

2 r>2 2 T2 2uj\UJ 2 l\ • l 2 — ^2^1 — ^1^2 



2cWi • ^2 - « - ^ = 121 7"? 1 " 12 , (3-32) 
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where we have used ^ 

^ ' = f0l2\2^ ' ^i- (3.33) 

Therefore, the contribution to (W(fa)W(k 2 )W(fa)) at 0(g A ) coming from the sum of 
the diagrams without cubic vertices is given by 

'fa x k 2 \ (—2uiUJ2h ■ h + ^ 2 l\ + ^2X^1 x ^2) 



2(ig)\2Ttf5^\k 1 + k 2 + k 



3) sin 



k 2 k 2 k 2 



3 

(3.34) 



Let us next calculate the contribution from the diagram with a cubic vertex. It can 
be evaluated using (|A.4jl and (|A.6|) as follows: 

(igf (h ■ A(fa) h ■ A(fa) l 3 ■ A(fa)) 

' 'ki x k 2 \ 



-2(igf(2Tif8^(fa + k 2 + k 



3 J sin 



2 



-2(fa x k 2 f + (A* x k 2 ){k\l\ + k 2 2 l\ - 2(fa ■ k 2 )(h ■ l 2 )} 
x • ( 3 - 35 ) 

Apparently, this does not seem to cancel the contribution (J3.34|) . For example, the 
expression (|3.34|) vanishes when uj\ = oj 2 = 0, but it is not obvious that this also holds 
in (J3.35|) . Let us take a closer look at the factor k\l\ + k\l\ — 2(fa ■ k 2 )(l\ ■ l 2 ). It can 
be decomposed in the following way: 

kll 2 2 + k\l\ - 2(fa ■ k 2 )(h ■ l 2 ) = (u\ + k\)l\ + (uoj + k\)l\ - 2(u x u 2 + fa ■ k 2 )h ■ l 2 

= u\i\ + u\i\ - 2W1W2Z1 • i 2 + 2{e X2 f{k\k\ - (fa ■ k 2 f] 

= u)\l\ + u\l\ - 2uj\Uj 2 l\ ■ l 2 + 2(fa x k 2 ) 2 , (3.36) 
where we have used ()3.33|) and 

(fa x fa) 2 = (fa x fa) 2 = (6 12 ) 2 {k 2 k 2 - (fa ■ fa) 2 }. (3.37) 
Therefore, we have 

(igf (h ■ A(fa) l 2 ■ A(k 2 ) h • A(h)) 
= -2(igf(2nf6^(fa + k 2 + k 3 ) sin {^^j 
(fa x k 2 )(oJ 2 ll + uj\1\ - 2ijj 1 i J j 2 l 1 ■ l 2 ) 



k 2 k 2 k 2 



(3.38) 



'■3 

This precisely cancels ()3.34|) so that the sum of all the contributions to the three-point 
function (W (fa)W (k 2 )W (fa)) at 0(g 4 ) vanishes. Thus 

(W(fa)W(fa)W(fa)) = (2nf5 ( - 3 \fa)5^(k 2 )5^(fa) + 0(g 5 ). (3.39) 

This is again consistent with the equivalence between noncommutative and commuta- 
tive Chern-Simons theories. 
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4 Conclusions and discussion 



We have calculated the two-point functions (W \k)W (k 1 )) and (W(k)O lJiU (k')), and 
the three-point function (W (ki)W (k2)W (k^)) in noncommutative Chern-Simons the- 
ory, and compared them with their commutative counterparts. We found the equiva- 
lence between commutative and noncommutative Chern-Simons theories with respect 
to these observables persists at the first nontrivial order in perturbation theory. 

The agreement in the two-point functions may seem more or less trivial since the 
topological nature of the theory strongly constrains the possible form of the correlation 
functions. In practice, however, we need to choose a gauge, which inevitably introduces 
metric dependence, and introduce a regulator to make the computation well-defined. 
We have acquired insight into interesting quantum aspects of the Seiberg-Witten map 
from the computation. First, the relation between the regularizations of the integral 
over a and the commutator, which is closely connected with the Bianchi identity as we 
discussed in Subsection 2.2, did play an important role in the cancellations we found 
in the calculation of {W {k)0 ^ u {k')) in Subsection 3.3. Another interesting aspect we 
have encountered in the calculation is the quantum correction to the Seiberg-Witten 
map (|3.25jl . These seem to provide us with some insight into how we should define the 
composite operators W(k) and O^k) at the quantum level. 

The agreement in the three-point function is more nontrivial. Although there is no 
dependence on the metric, W(k) depends on 9^ v as well as its momentum so that the 
three-point function could be a nontrivial function of k\ x fc 2 - The nontrivial dependence 
on k\ x /c 2 is not excluded by the topological nature of the theory, while the equivalence 
to the commutative theory requires it to vanish. We did find that it vanishes at the 
first nontrivial order in c/. 9 

It would be an interesting question as to whether or not the equivalence between 
the commutative and noncommutative Chern-Simons theories persists to higher orders 
in g jH2|, or even nonperturbatively. 10 It has been noted in |HSl EH ESj that the level 

9 It was argued in j^Hl EI] that noncommutative Chern-Simons theory is a free theory from an 
analysis in the axial gauge. We would like to comment on the relation between this work and ours. 
First of all, correlation functions of composite operators, such as W(k) or O tlu {k) in our case, are in 
general nontrivial even in a free theory. For example, a vacuum expectation value of a Wilson loop is 
nontrivial in the free Abclian F 2 gauge theory. Therefore, our results are not immediate consequences 
of the observations in |3UU31| . Technically, however, our calculations could have been much simplified 
in the axial gauge. Although it was argued in [3U| EH that the axial gauge can be safely taken in 
noncommutative Chern-Simons theory, calculations involving open Wilson lines can be subtle because 
it is essential that we are able to perform integration by parts in proving various properties of open 
Wilson lines, such as the Bianchi identity, while the propagator does not decay at infinity in the axial 
gauge. For example, W(k) with &2 = becomes trivial in the gauge A2 — 0, but it is inconsistent 
with our result in the covariant gauge where (W(k)Ooi(k')} is nonvanishing. 

10 Rigorously speaking, pure noncommutative Chern-Simons theory without any additional degrees 
of freedom has not been realized in string theory. The realizations given in ^] ^5] contain additional 
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of noncommutative Chern-Simons theory is quantized even for the U(l) gauge group, 
while that for the commutative theory is not because of the difference in the gauge 
group topologies of the two cases This raises a question on the equivalence of the 
two theories at the nonperturbative level. 11 Clearly our perturbative computation does 
not address this issue, leaving this as an interesting future problem. If the equivalence 
holds nonperturbatively under the Seiberg-Witten map (j2.1j) up to possible quantum 
corrections to the map itself, correlation functions of W(k) and O llv {k) are rather trivial 
in the sense that they are exactly given by their commutative counterparts. It would 
be an interesting future problem to construct more nontrivial observables, if any, in 
noncommutative Chern-Simons theory in this case. 

Finally, let us discuss the generalization of our results to the U(N) case. The map 
({23} between gauge-invariant observables on the commutative and noncommutative 
sides can be easily generalized to the U(N) case by studying the coupling of multiple 
D-branes to the Ramond-Ramond potentials with a constant B field. The map in the 
case of U(N) is simply given by taking the trace of IJ2.1j) : 

W{k) - (2vr) 3 ^ 3 )(A;)l] , 
tr/oifa) = trO«(A;) for z = l,2, (4.1) 

where 1 is the identity matrix. A Feynman diagram of correlation functions involving 
tr W(k) and tr 0^ u (k) can be evaluated by multiplying the contribution from the same 
diagram in the U(l) case by an appropriate power of N. 

All five diagrams of (W {k)0 ^{k')) at 0(g 3 ) not containing an internal loop scale 
as iV 2 so that the cancellations we found remain intact. The two diagrams displayed 
in Figure 8 for (W {k\)W (k 2 )W (k^)) at 0(g 4 ) scale as N. Therefore, the three-point 
function of tr W(k) also vanishes at 0(g 4 ) in the U(N) case. As for the one-loop cor- 
rections to the propagator, the cancellation of the nonplanar pieces persists and only 
the planar pieces produce a nonvanishing contribution just as in the case of U(l). We 
should note that one-loop corrections to the propagator also exist on the commutative 
side in the case of U(N) [23 EHl EH]- If we use the same regularization on the com- 
mutative and noncommutative sides, we have the same one-loop corrections on both 
sides so that one-loop corrections to the map (j4.1|) are absent in the U (N) case. We 
thus conclude that the equivalence between U(N) noncommutative and commutative 
Chern-Simons theories also holds at the first nontrivial order in g under the map (|4.1|) 
between gauge-invariant observables. 

degrees of freedom which are important for quasi-particle or quasi-hole excitations of quantum Hall 
fluid, or to realize quantum Hall fluid with a boundary. Therefore, the equivalence between the 
commutative and noncommutative theories is not guaranteed by its embedding in string theory. 

n We would like to thank D. Bak, M. M. Sheikh- Jabbari, and A. P. Polychronakos for drawing our 
attention to this point. 



tr/i 2 (fc) = -^tr 
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Appendix A. Conventions and Feynman rules 

The action of noncommutative Chern-Simons theory in terms of a canonically normal- 
ized gauge field is given by 



mccs 9 



d 3 x e^ v 



Our Fourier transform convention is 



2ig 

A^ * d p A v * * ^ v 



d 3 p _ n .. 



(a.i; 



M*) =jj^f e-^A,(k). (A.2) 

We use the standard covariant gauge-fixing term proportional to (d- A) 2 and then take 
the Landau gauge. The propagator is given by 

(A,(p)A u (q)) = (2n)W\p + q)ej£. (A.3) 

The three-point function of noncommutative gauge fields contracted with a cubic vertex 
is given by 

(A^( qi )A^(q 2 )A^(q 3 )) 

= -2tg(2n) 3 5^( qi + q 2 + q 3 )e^ 

. / gl X q 2 \ £f J , lP1 v 1 <ll 1 e ^2P2^2?2 2 e P3p3V3 C & A / * a\ 

X Sm I —2-) — g ql g— (A ' 4) 



The following identities are useful: 



^ pi plVl^ P2 P2U2 ^Pl P2 ^ pi P2 ^Vl V2 ^ pi P 2^ plV2^VlP2 ^ Pi V2 ^ P1P2 ^V1P2 



3pip2^PlV2$viP2 ^PlV2$Plp2^Vip2 3pip2$plP2$i / ll / 2- (-^- - ^) 



c pipll/l c P2P2V2 c P3P3V3 c 



^PlP2^piP3^P3P2 "I" ^P1P3^P1P2^P3P2 ^ P1P3^ PlP2^ P3P2 ^ Pi P2^ plP3^ P3P2 
^^PlP2^plP3^P3P2 ~ ^P1P3^P1P2^P3P2 ~ ^ P1P2 ^ P1P3 ^ P3P2 ~~ ^ PlP3 ^ P1P2 ^ P3P2 • (A-6) 
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Appendix B. (W {k)0 ^{k')) 

We present some details of the computations of {W(k)O fll> (k')) given as f)3. lUj) through 
(|3.14|) in Subsection 3.3. 
Diagram 1 

The contribution to (W {k)0 ^{k')) from this diagram is given by 
(ig) 2 r d 3 p 

—ikxpa+^kxp 

2 Je J (2tt) 3 

x (inAMinAnik-pX-ifyMV)) - (A* ~ (B.1) 
This can be easily evaluated using (|A.4J) and ()A.6j) as follows: 



(W(k)0^(k')) 



Diagram 1 



/ • \3 f l- e f -ikxpa _ ifcxp(l-cr) 

l ^-(27r) 3 5( 3 )(fc + fc') da r P 



iig) 3 (2n) 3 5 (3 \k + k') f da 



x 



2 v ' y J Je J (2vr) 3 p 2 (k-p) 2 

x {(& x - M M ) - - , (B.2) 

using l-p = kxp. The part involving e tkx P( 1 - a ) can be transformed to the part involving 
e ikxpa ^ ^ e change Q f variables er' = 1 — a and p' = k — p. Therefore, we have 

(W(k)0, u (k')) Diagram 1 

»l-e e ~ikxpa 

(2tt) 3 p\k-p) 2 
{(k x p)(fc M Z„ - M/J - Z 2 (A^ - • (B.3) 

Diagram 2 

The contribution to (W(k)O lll/ (k')) from this diagram is given by 
(W(k)0»„(k')) Biag[am 2 

= M / ^ e -^x pCT+ffcxp ( _. } /■ A e - ifc 'x, CT+ffc 'x 9 

2 Je J (An) 6 J [In) 6 

x (PM^f^^ - q)) - (a* «-> i/). (B.4) 

There are two nonvanishing ways to contract the four gauge fields. Using the propa- 
gator (jA.3|) . it is evaluated as 

= _(M!( 2vr ) 3 ( 5( 3 )(A; + A ; ') /'"'do- / | e *Mi-*-0 _ e -ikxp(a- e )) 



x ^ wi M» w ^|*_^ -(^ V ). (B.5) 
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Using the identity (jA.5|) . this can be further evaluated as 
'-(2n) 3 5 {3) (k + k') 



{igf 



l-e 



da 



d?P g*kxp(l— cr— e) g— ifexp(cr— e) 

2 



2 y ~" J " v " ' J t ~" J (2tt) 3 p 2 {k-p) 
x {(k x p)(kfj,l v - hJn) - ^(k^Pv - Kp^)} 

/•l-e /- f/3„ -ikxp(a-e) 

x | (A; x p)(k tl l u - kJn) - ^(k^ - Kp^)} 

d 3 p e - ikxpr7 



{igf{2^) 3 5 {S) {k + k') 



rl-2e 



da 



.. (27r) 3 p 2 (A;-p) 2 
x x p)(k fl l u - kjf,) - l 2 (kfj,p u - Mv)} 

where we have used the same change of variables as before. 



(B.6) 



Diagram 3 

The contribution to (W (k)0 Mi ,(/c')) from this diagram is given by 



{W(k)0^(k')) 



^ u V / / Diagram 3 

(igf I 1 '* da f d3p 



(27T)* 



-ik' xpa+^k' xp 



x (P 1 A Ml (k)l ,f12 A ll2 (p)(—i)(k' — p) fl A u (k' — p)) -(,*«-> i/), (B.7) 

where /' M = (k'6) 11 = k' u 9 u ^ . As in the case of Diagram 1, this can be evaluated using 
(IA.4I) and (IA.6D as follows: 



(W{k)0» v {k')) 



Diagram 3 



(igf(27i) 3 5 (3 \k + k') 



l-e 



da 



d 3 p 
(2tt) 3 



ikxpcr g— ifcxp(l — 



(fc x p){(-£; 2 - k-p)(k + p)^l u + (k x p)p^k u } l 2 k^p u 



k 2 p 2 {k + p) 2 



k 2 p 2 



- (// «-> i/) 



l-e 



(/ / /) :i (2~) : 'Vi ::i '(/.- • //! / r/a I £^e' L 



k x p 



k 2 p 2 (k + p) s 



(2tt)* 



-(k 2 + k-p) (kplv - M M ) -{k 2 + 2k-p) (p^ly - pJJ 



+ 2(kx p)(p ll k 



2l 2 {k VL p v - kyPp) 
k 2 p 2 



(B.8) 
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where we have used the appropriate change of variables: either a' — 1 — a, p' = —k —p 
or a' = 1 — a, p' = —p. Since 



(k x p) e 



ikxpa 



(B.9) 



only surface terms of the a integral contribute for the terms proportional to k x p. We 
separate the bulk terms and the surface terms as follows: 



{W(k)0^(k')) Bi 



M^V /'Diagram 3 



= 2(^) 3 (2tt) 3 5( 3 )(A: + A;') / da 



1-e 



d 3 P Akxpa l 2 (kvPu - Kp») 



i(ig) 3 (2ir) 3 5W(k + k') J 



(2vr) 3 

e ik 

(2tt) 3 ~k 2 p 2 {k + p) 2 



k 2 p 2 



d 3 p e ikx P( 1 ~ e ) — e ikxpt 



x 



■(k 2 + k ■ p){k^l u - kJn) - {k 2 + 2k ■ p){p^l u - pJJ 



+ 2(k x p)(p^k u - p u k^) 



;b.io) 



Diagram 4 

In order to evaluate this diagram, the following piece of 0^ u {k) at order g 2 is necessary: 
-(ig) 2 fd 3 x£ e da[l-A(x + l(r)*A fl ( y x + le)*A u (x)*e ikx ]-( y fi^u). (B.ll) 



In momentum space, it is given by 



i%9)2 LT da I 



d 3 pi d 3 p2 d 3 p3 



U2n)W 3 \k - Pl - p 2 - p 3 ) 



(2tt) 3 (2tt) 3 (2tt) 3 

x e -^(p 1 x P2 +p 1 x P3 +p 2 x P3 )-ikx Pl a-ikx P2 e j . A( Pl )A^p 2 )A u (p 3 ) - (fi <-> l/). 

(B.12) 

We contract the gauge field coming from the open Wilson line with one of the gauge 
fields in the commutator to give 

-( l9 ) 2 daj^- { e -**i*~> - e *xp(i-.)} ?V {eApM ^ (A;) _ ^^(fc)} 



= -2(ig) 2 £ * do J 



d3 P -ikx P {c-e) *V 

(2tt) 3 p 2 



{eA P ^(A;)-e Ap ^(A;)}. (B.13) 



The contribution to (H^(/c)0 Atl/ (/c / )) from this diagram is given by contracting the re- 
maining gauge field in the commutator with the gauge field from the other open Wilson 
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line: 

V yj he J (2vr) 3 p 2 

x {l^e Xpll (A^{k)A v {k')) -l^e Xpv (A^{k)A^{k'))}, (B.14) 
where l'^ = (k'8)^ = k' v 6 vtl as before. This can be evaluated using (jA.3|) and (jA.5|) : 

(W(k)0, u (k')) Diagram4 



2{igf{2^f8 {3 \k + k r ) / da 



l-e 



he J (2ir) 3 k 2 p 2 
x {(k x p){k y l u - kjfj) - l 2 {k^p u - k v p^)} 

= -2^ g f{2^(k + k')[' 2t da J |^ ***** 

-2i(igf(27rf5^(k + k') px P (i-2e) _ e , fc x P e| fc ^~^^ ,(B.15) 

where we have separated the bulk contribution and the surface contribution as before. 
Diagram 5 

The contribution to (W {k)0 ^{k')) from this diagram is given by 



iagram 5 



(W(k)0^k')) D 

= ~ {l9)2 I e******** (l^A.MMtiMk'-p)) - (A* <-> v). 



(B.16) 



Using (|A.4J) and (|A.6|) . this can be evaluated as follows 
(iy(fc)0„(A;')) Diagram 5 
= -t(ig) 3 (27r) 3 8 {3) (k + k') 



x 



d 3 p gihxpe _ g-ifcxp(l-e) 

(2tt) 3 k 2 p 2 (k + p) 2 
2 (A; x p)(k^p u - k v p^ - (2p 2 + fe • p){l^K - l u k^) 

+ (k 2 + 2k-p)(l ll p v -l u p li ) 



(B.17) 



It may not be manifest, but the integrand excluding e lkxpe — e lkx P( 1 e ) is invariant 
under the change of variables p' = —k — p. This is manifest in the denominator. For 
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the numerator, we can verify the following identity: 



-2(k x p)(k lx p l/ - Kvp) - (2p 2 + k ■ p)(lpk v - Ivkft) + (k 2 + 2k ■ p)(lf,p u - l v p^) 
= -2{k x p')(k^' u - Kp'J - {2p 12 + k ■ p'){l^k u - l v k„) 

+ {k 2 + 2k-p'){l ll p' u -l v p^). (B.18) 



Therefore, we have 

= t(tg) 3 (2ir) 3 5 (3) (k + k' 



d 3 p gikxp(l— e) gifcxpe 



X 



(2tt) 3 k 2 p 2 (k + p) 2 
—2(k x p)(k^p u - kvPfj) - (2p 2 + • p)(l^k u - l u k^) 

+ {k 2 + 2k-p){l lx p v -l v p tl ) 



(B.19) 
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